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A two-dimensional problem of nonstationary heat conduction in a system of three bodies of finite size
with an inner movable source of the first kind (combustion front) has been solved by a finite-element
method. The effect of different factors on the parameters of a temperature field in self-propagating
high-temperature synthesis pressing of alloys of a Ti–C–Ni system has been studied. It is found that
a regime of internal cooling is realized in the synthesis products, when the temperature of the contact
surface behind the combustion front remains constant and evens out over the volume of a blank. In
the regime of internal cooling, the material has the highest plasticity and compactibility.

One method of obtaining high-melting compounds and materials based on them is self-propagating
high-temperature synthesis (SHS), which is a kind of combustion. To obtain compact materials, the self-
propagating high-temperature synthesis products heated by a combustion wave are subjected to pressing (tech-
nology of SHS pressing). As opposed to hot pressing of inert powders, when isothermal conditions are
provided by external heating, in pressing the self-propagating high-temperature synthesis products are cooled
constantly. Therefore, to reduce heat losses, provision should be made for thermal insulation of synthesis
products from cold deforming instruments. In SHS pressing, this problem is solved by carrying out synthesis
and subsequent pressing in a shell made of friable material (sand). The proclivity of the products of synthesis
to plastic deformability and compactibility are first of all conditioned by the temperature mode of deforma-
tion. In this connection, of scientific and practical interest are the studies of a thermal regime in cooling
combustion products in the heat-insulating shell.

The well-known works dealing with the study of thermal conditions of SHS pressing consider an ax-
isymmetric problem of nonstationary heat transfer with combustion-front motion along the symmetry axis of
the cylindrical system [1]. In SHS pressing, a blank having the shape of a round or a square plate is placed
into a cylindrical press die perpendicularly to the symmetry axis. The combustion reaction is initiated from
the side surface or from the center of the charge blank, and the combustion front moves perpendicularly to
the symmetry axis. In this form, the problem of a thermal regime has been not studied.

The paper is aimed at mathematical simulation and derivation of the laws that govern the formation
of a thermal regime in combustion of exothermal mixtures in a heat-insulating shell. A finite-element method
is used to simulate the process of heat exchange of the synthesis products with the ambient medium. 

Self-propagating high-temperature synthesis in a charge blank is initiated locally (at a point) and then
the process proceeds in the mode of layer-by-layer combustion. The thermokinetic parameters are the tem-
perature Tc and rate uc of combustion, which are assumed to be known. The blank is placed in a sand shell
and a steel instrument. As a result, the object of simulation is a three-element system with regions of finite
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dimensions with a moving internal boundary of the first kind (combustion front). There is nonstationary heat
exchange between the elements of the system.

The parameters of the thermal regime and the dimensionality of the problem being solved depend on
the coordinates of the point at which the combustion reaction is initiated. On ignition from the side surface,
irrespective of the shape of the plate, heat is exchanged in the direction of three spatial coordinates. When
the reaction is initiated from the center of the square plate up to the moment of the combustion-wave egress
to the side face, heat exchange is first two-dimensional (axisymmetric) and then three-dimensional. In the
round plate, there is axisymmetric heat exchange during the whole period of combustion. Technologically, it
is easier to ignite the charge blank from its side surface, and this method has found the widest practical
application. From a mathematical point of view, solution of a three-dimensional problem of nonstationary
heat conduction in a multilayer system is cumbersome and laborious. To estimate the compactibility of a
temperature-nonuniform blank one needs only the data on the temperature of the coldest regions. This infor-
mation can be obtained in considering the two-dimensional model of a burning plane layer of unit thickness
with thermally insulated side surfaces. The layer is cut so that its length corresponds to a maximum possible
way of combustion. Accordingly, the sectional plane passes through the ignition point and the point at the
greatest distance from it. This model allows description of the temperature field in the coldest (onset of com-
bustion) and hottest (end of combustion) zones of the blank. When the round blank is ignited from its side,
the cross section follows its diameter; in the square blank, the cross section passes from the center of the side
face, then through the center of the side face and the opposite vertex of the square (Fig. 1). The farther the
side surfaces of the blank from the burning layer, the more correct the model adopted. We note that for the
plane model the parameters of the computational relations and the results obtained will be invariant to the
shape of the plate.

The accuracy of pressure moulding depends on the contact rigidity of a deforming device. In pressing
in a friable shell, forming and compaction occur owing to the setting of the blank, with its radial dimensions
remaining virtually unchanged. Therefore, in SHS pressing, the rigidity (thickness) of the shell between the
blank and the die or the bottom of the counter die is most important. Of secondary importance are the radial
dimensions of the shell between the blank and the counter-die wall.

In view of the above, the model adopted considers heat exchange between the blank and the die (or
the counter-die bottom), with the shell thickness between them being varied. The shell thickness in the radial
direction is selected taking into account the condition of the absence of through heating of the shell and heat
removal by the counter-die walls. The calculations showed that for typical time parameters of SHS pressing
complete thermal insulation of the blank from the side walls of the counter die is reached at a shell thickness
of lsh = 12 mm.

Figure 2 shows a computational scheme for a three-layer system consisting of a plane layer of com-
bustion products 1 of length l, heat-insulating shell 2, and die 3 of diameter D = l + 2lsh mm. By virtue of
the axial symmetry, we consider half the height of the blank. Combustion of the blank begins from the left

Fig. 1. Schematic diagram of the cutting out of a plane layer from round
(a) and square (b) blanks.
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plane (x0 = 0); the combustion front is taken to be plane and moving toward the x axis at a constant velocity
uc.

A mathematical model of heat exchange in SHS pressing includes:
(1) a system of three differential equations of nonstationary heat conduction in the Cartesian coordi-

nates:

ci ρi 
∂Ti (x, y, t)

∂t
 = λi 





∂2Ti (x, y, t)

∂x2  + 
∂2Ti (x, y, t)

∂y2




 ; (1)

(2) boundary conditions: the fourth-order conditions at the blank–shell y1−2 and the shell–device y2−3

boundaries:

λ1 
∂T1 (x, y1−2, t)

∂y
 = λ2 

∂T2 (x, y1−2, t)
∂y

 ;   T1 (x, y1−2, t) = T2 (x, y1−2, t) ;

λ1 
∂T2 (x, y2−3, t)

∂y
 = λ2 

∂T3 (x, y2−3, t)
∂y

 ;   T2 (x, y2−3, t) = T3 (x, y2−3, t) ; (2)

the third-order conditions at the device–ambient medium boundary (y3 = h1 + h2 + h3):

λ3 
∂T3 (x, y3, t)

∂n
 + α (T3 − Ts) = 0 ; (3)

(3) initial conditions:

T1 (0, y1, 0) = Tc ;   T2 (x, y, 0) = Ts ;   T3 (x, y, 0) = Ts ; (4)

(4) equation of combustion-front motion:

xc = uct ;

(5) the temperature of a moving boundary of the first kind (combustion front):

Fig. 2. Schematic diagram of the object of simulation: 1) blank; 2) shell;
3) die.
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T (xc, y1, t) = Tc ;

(6) condition of symmetry of a temperature field relative to the y axis:

∂T1 (x, 0, t)
∂y

 = 0 ;

(7) conditions of adiabaticity ahead of the combustion front and on the outer side surfaces of the
shell:

∂T2 (− lsh, y, t)
∂x

 = 0 ;   
∂T2 (l + lsh, y, t)

∂x
 = 0 ;   

∂T1 (xc − 0, y1, t)
∂x

 = 0 .

Solution of Eqs. (1) with boundary conditions (2) and (3), and initial conditions (4) is equivalent to
finding a minimum of the following variational functional:

J =  ∑ 

i=1

3

 
1

2
  ∫ 

Vi

λi 








∂Ti

∂x





 2

 + 




∂Ti

∂y





 2

 + 2ci ρi 
∂Ti

∂t
 Ti




 dVi + ∫ 

S3

α
2

 (T3 − Ts)
2 dS3 . (5)

A distinguishing feature of functional (5) is that at the stage of combustion the volume V1 of hot
synthesis products that participate in heat exchange is the time function

V1 = h1uct .

The unknown temperature field was found by a finite-element method. When breaking into finite ele-
ments, the entire domain is first overlaid with a rectangular grid and then the rectangles obtained are divided
by diagonals into two triangles. In the regions of the boundaries of contact heat exchange of the blank with
the shell with high temperature gradients, the grid of finite elements is made denser.

The condition of stationarity of functional (5) leads to the following discrete differential equation in
a matrix form:

[C] 
∂ 


T





∂t
 + [Λ]⋅


T



  = 


F



 . (6)

Matrix differential equation (6) was solved by a method of finite-differences using an implicit difference
scheme

([C] + ∆t⋅[Λ])⋅


Tk




 = [C]⋅



Tk−1




 + ∆t⋅


F



  . (7)

The elements of the matrices [C], [Λ], and {F} are determined from the known relations for plane triangular
elements [2].

The technological time of the formation of a temperature field t consists of combustion time tc and
the time of delay in pressing td: t = tc + td. The magnitude of the time pause td is composed of the time of
operation of the executive system of the press (C 0.5 sec) and the time set by a researcher. Motion of the
combustion front was simulated by a step-by-step increase in the number of finite elements of the blank
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which participate in heat exchange. With a rectangular finite-element grid, the whole region is a set of verti-
cal columns and horizontal layers. In the approximation of a plane combustion front, the volume of the syn-
thesized material increased for one step by the volume of elements of one column of the blank. At the first
step, only the elements of the first column of the blank of width ∆x1 participate in heat exchange. At the
second step, the combustion front moves by the width of the elements of the second column of the blank
∆x2; at the third step, it moves by the width of the elements of the third column of the blank ∆x3, and so on.
At the nth step, the combustion time tcn of a new column of the blank of width ∆xn is

tcn = 
∆xn

uc
 . (8)

During this period the blank also starts to cool. To determine optimum steps along the time axis, the solution
of one-dimensional equation (7) was compared with the exact analytical solution of the one-dimensional prob-
lem of cooling an infinite layer of substance in an unbounded medium at the boundary conditions of fourth
kind [3]. In analyzing the solutions it was found that the value of the time step tcn calculated from Eq. (8)
and being equal to about 0.5–1 sec for real values of ∆xn and uc is a rather rough discretization of the time
axis. Therefore, the time tcn was divided into m intervals, and Eq. (7) was solved with the step ∆tn = tcn

 ⁄ m.
It is found that at m = 5 the numerical solution differs from the analytical one by no more than 1%. The
system of linear equations (7) was solved by the Zeidel iteration method with an accuracy of 0.5oC.

The laws governing the formation of a temperature field in a plane combustion layer were studied in
SHS in a Ti–C–Ni system. Combustion of this system occurs owing to a highly exothermal reaction of the
formation of titanium carbide: Ti + C = TiC; inert nickel serves as a binder. The thermophysical properties
of SHS products with different contents of nickel, sand, and a steel die are presented in Table 1. The data on
the combustion temperature Tc are taken from [4]; the value of the combustion rate uc is determined experi-
mentally. The combustion temperature Tc for all the compositions exceeds the temperature of the eutectics of
the TiC–Ni system, coming to 1280oC, and the synthesis products consist of solid particles of titanium car-
bide and carbide–nickel melt. The thermophysical properties of porous solid–liquid material were calculated
by the relationships of [6] and, in accordance with the diagram of state, the amount of liquid and solid
phases, the composition of the melt, and porosity of the material equal to 50% were taken into account. The
heat-transfer coefficient was taken equal to α = 44 W/(m2⋅K).

In the first stage, we studied a thermal regime in synthesis of the blanks of standard nomenclature
and at regular technological parameters of the process. We considered combustion of a layer of length l = 78
mm; this corresponds to synthesis of a square blank with a side of 70 mm with ignition at the center of the
side face. The height of the blank and of the layer was 2h1 = 14 mm, the shell thickness was h2 = 10 mm,
the die thickness was h3 = 15 mm, and the counter-die had a diameter D = 102 mm. Figure 3 shows the
distribution of temperature along the layer length after synthesis of the TiC–20% Ni alloy and the time of
pressing delay td = 0.5 sec. The character of the change of temperature on the contact surface Tcont and at the
center Tcent shows that a nonuniform temperature field is formed in the layer. This nonuniformity is due to
two factors. First, the plane layer of finite length has three boundaries of contact heat exchange, which serve

TABLE 1. Thermophysical Properties of Materials

Material λ, W/(m⋅K) c, J/(kg⋅K) ρ, kg/m3 Tc,
 oC uc, mm/sec

TiC–20% Ni 12.1 967.5 2700 2400 15
TiC–28% Ni 12.4 955.4 2810 2240 10
TiC–35% Ni 12.7 945.5 2910 2080 6
Sand [6] 0.326 795.0 1500 – –
Die (steel) [5] 32.0 561.0 7800 – –
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as heat sinks: the bearing and two side planes. The "coldest" zones with a high temperature gradient are
formed close to these boundaries. Second, in heating of a blank by a moving front, the time of cooling tcool

of separate zones depends on their position (the coordinate x) relative to the ignition point:

tcool = 
l − x
uc

 + td ,   0 ≤ x ≤ l . (9)

Away from the ignition plane and on increase in the coordinate x, the cooling time decreases and the tem-
perature of the blank increases.

On complete combustion of the layer, three characteristic temperature zones related to the correspond-
ing boundary of contact heat exchange are formed in the layer (Fig. 3). Zone I, for which the largest time of
cooling is typical, is in the vicinity of the ignition plane; this zone is the coldest. On moving away from the
ignition plane, the effect of this boundary as a heat sink decreases and zone II is formed; it is characterized
by a weak dependence of the contact temperature Tcont on the time of cooling and the coordinate x along the
whole zone Tcont C const. The value of Tcont in zone II is approximately equal to the temperature Tcont0, which
is instantly set at the contact boundary of an infinite layer placed into an infinite medium [3]:

Tcont0 = Ts + (Tc − Ts) 
Kε1

Kε1 + Kε2
 . (10)

The temperature at the center of the layer Tcent (at y = 0) increases with distance from the ignition plane and
decrease in the time of cooling. Zone III forms near the finite side plane (x = l). This zone is characterized
by a sharp decrease in the temperatures Tcont and Tcent with approach to the side boundary of contact heat
exchange, on which combustion stopped.

Figure 4 shows the distribution of temperature over the layer thickness (the coordinate y) in sections
at the boundary of zones I and II (x = 22 mm, tcool = 4.2 sec), at the center of the blank (x = 39 mm, tcool

= 3.1 sec), and at the boundary of zones II and III (x = 7.2 mm, tcool = 0.9 sec). The sharp difference be-
tween the temperatures of the central and contact volumes is typical of a small time of cooling (curve 3).
Inside zone II, with increase in the time of cooling at a virtually constant value of the temperature Tcont (for
y = 7 mm), the temperature levels out over the blank thickness owing to cooling of the central volumes.
Thus, a mode of internal cooling is realized in zone II [3].

Fig. 3. Change in the temperatures of the contact surface Tcont (1′, 2′)
and the center Tcent (1, 2) along the layer length: 1 and 1′) solution of a
two-dimentional problem by a finite-element method; 2 and 2′) analyti-
cal solution of a one-dimensional problem. T, oC; x, mm.

Fig. 4. Temperature distribution over the layer thickness: 1) x = 22 mm;
2) 30; 3) 72.
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The results of numerical calculation were compared with the results of the analytical solution of a
one-dimensional problem of cooling an infinite layer placed into an infinite medium [3]. The time of cooling
the infinite layer was taken equal to the time of cooling the section with the variable coordinate x in com-
bustion of the layer of finite length and was calculated from relation (9). The results of the analytical solution
and of the solution by the finite-element method (Fig. 3) are virtually the same (the difference does not ex-
ceed 1%). From this it follows that a temperature field in zone II with internal cooling is formed as a result
of one-dimensional contact heat exchange on the bearing plane.

We consider the effect of different factors on a thermal regime of SHS pressing of the products of
synthesis of the Ti–C–20% Ni system.

Of primary importance for the thermal regime is the thickness of the shell between the blank and the
device. The results of calculation show that reduction of the shell thickness from h2 = 10 mm (recommenda-
tions of the standard technology) to h2 = 2 mm virtually does not exert a substantial effect on the temperature
field (Fig. 5). When h2 < 2 mm, the process of blank cooling is enhanced, with the contact volumes of the
blank being cooled to a greater extent than the central ones. Correspondingly, the length of zone II with
internal cooling decreases, and for h2 ≤ 1 mm this zone is absent.

The effect of the blank thickness 2h1 on the laws governing a change in the temperatures Tcont and
Tcent is shown in Fig. 6. Thin blanks with 2h1 ≤ 8 mm are cooled faster, and zone II with a mode of internal
cooling does not succeed in forming inside them. On increasing 2h1 from 8 to 16 mm, the cooling rate de-
creases; the temperature Tcont rises, and zone II becomes longer. When 2h1 > 16 mm, the temperature Tcont

over the entire length of the layer and the dimensions of the characteristic temperature zones remain un-
changed.

The time of delay in pressing td is an important technological parameter. As td increases the layer
cools, and the temperature gradients decrease gradually along the length and height of the layer (Fig. 7).
When td ≤ 2 sec, a regime of internal cooling is realized when the temperature of the contact surface Tcont

remains practically unchanged. At the same time, the inner volumes of the blank with a temperature Tcent

cool noticeably. The boundary between zones II and III, which at the time of complete combustion of the
blank was the hottest, cools more rapidly. As td increases owing to heat conduction, the temperature Tcent

levels along the layer length, and when td ≥ 10 sec, this high-temperature region disappears.

Fig. 5. Influence of the shell thickness h2 on the distribution of tempera-
ture Tcent (1–4) and Tcont(1′–4′) along the layer length at 2h1 = 14 mm
and td = 0.5 sec: 1 and 1′) h2 = 10 mm; 2 and 2′) 2; 3 and 3′) 1.5; 4 and
4′) 1.0.

Fig. 6. Influence of the thickness of the blank 2h1 on the distribution of
temperature Tcent (1–4) and Tcont (1′–4′) along the layer length at h2 = 10
mm and td = 0.5 sec: 1 and 1′) 2h1 = 20 mm; 2 and 2′) 16; 3 and 3′) 10;
4 and 4′) 8.
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Figure 8 shows a change in the temperatures Tcont and Tcent in the layer with variation of its length.
Irrespective of the length l, the three characteristic zones considered above form in the layer. The temperature
Tcont in the respective zone has virtually the same values. The difference in the time of combustion and cool-
ing of layers of different lengths manifests itself in the level of the temperature Tcent: as the radial dimensions
of the blank and the combustion length l decrease, the cooling time (9) decreases, and a higher temperature
Tcent remains inside the blank.

The ability of a nonuniformly heated body to undergo plastic deformation is determined by the tem-
perature of the coldest zones. In our case, this is the temperature of the contact surface Tcont. A maximum
value of the contact temperature Tcont max � Tcont0 gives an upper estimate of the temperature of deformation
of synthesis products. The region of the regime of internal cooling with the temperature Tcont max determines
the volume of the material with the largest plasticity and compactibility. The results of computational experi-
ments (Fig. 5 and 6) show that as the thicknesses of the blank 2h1 and of the shell h2 increase, the length of
the zone of one-dimensional heat exchange l2 increases, and at certain values of 2h1

∗  and h2
∗  it takes its limit-

ing value l2max. Accordingly, zone I of two-dimensional heat exchange has limiting minimum dimensions
l1min. Table 2 presents the results of calculations of the limiting dimensions of the blank 2h1

∗  and of the shell
h2

∗  in SHS pressing of the products of synthesis of the Ti–C–Ni system (for all the variants of l = 78 mm,
td = 0.5 sec). According to (9), as the content of nickel increases and the rate of combustion uc decreases
(Table 1), the time of cooling tcool of synthesis products and the time of warming-through of the shell in-
crease. This results in an increase in the limiting thicknesses of the blank 2h1

∗  and of the shell 2h2∗
∗  at which

the zone with the regime of internal cooling is the longest l2max. With an increase in the content of Ni, the
parameter l2max and the volume of the material with maximum plasticity and compactibility decrease.

Fig. 7. Influence of time of delay in pressing td on the distribution of
temperature Tcent (1–3) and Tcont (1′–3′) along the layer length at 2h1 =
14 mm and h2 = 10 mm: 1 and 1′) td = 0.5 sec; 2 and 2′) 2; 3 and 3′) 10.

Fig. 8. Influence of the length of the plane layer l on the distribution of
temperature Tcent (1–3) and Tcont (1′–3′) along the layer length at 2h1 =
14 mm, h2 = 10 mm, and td = 0.5 sec: 1 and 1′) l = 78 mm; 2 and 2′)
58.5; 3 and 3′) 39.

TABLE 2. Limiting Dimensions of the Shell and Temperature Zones of the Blank for the Ti–C–Ni System

Composition
 of a mixture Tcont0, oC Time tc + td, sec 2h1

∗ , mm h2
∗ , mm l1min, mm l2max, mm

Ti–C–20% Ni 2162 5.7 16 2.0 22 51

Ti–C–28% Ni 2018 8.3 18 3.5 26 46

Ti–C–35% Ni 1874 13.5 22 4.0 32 39
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A model of a plane layer describes a thermal regime in the cross section of a blank along the trajec-
tory of any point of the combustion front. From the set of solutions for the trajectories of several points of
the combustion front it is possible to obtain an estimate of the thermal regime of the whole blank. Using this
method, we constructed the isotherm Tcont = Tcont max for a square plate with a side 70 mm and a round plate
with a diameter of 78 mm in SHS pressing of the TiC–20% Ni  alloy (Fig. 9). The thickness of the blank
was 2h1 = 16 mm, the thickness of the shell was h2 = 2 mm, and the time td = 0.5 sec. After pressing, the
region inside the isotherm with the regime of internal cooling will have a maximum density of the material.
The values of the maximum length and time of combustion are the same for both variants of the plate shape.
At the same time, a volume of the material with Tcont = Tcont max for the round plate is larger than for the
square one.

Thus, the two-dimensional model of heat exchange of a burning plane layer made it possible to reveal
the main laws governing the formation of a thermal regime in combustion of blanks of finite dimensions in
a heat-insulating sand shell. The considerable nonuniformity caused by the presence of the boundaries of con-
tact heat exchange and nonisochronicity of the heating of a blank by a moving combustion front is typical of
the temperature field in synthesis products. In nonstationary heat exchange, in the blank–shell–device system,
the existence of a regime of internal cooling is possible, in which the temperature of the contact surface
behind the combustion front remains constant and levels over the blank volume. The size of the region with
the regime of internal cooling depends on the thermokinetic parameters of SHS mixtures, on the shape, and
on the dimensions of a synthesized blank and a heat-insulating shell. In the regime of internal cooling, mate-
rial has the greatest plasticity and compactibility. Correspondingly, the optimal technological parameters of
the process can be determined from the condition of a maximum of the volume of a blank with a regime of
internal cooling.

NOTATION

Ti, temperature of bodies; ci, ρi, and λi, specific heat, specific density, and thermal conductivity of the
bodies of the system; hi, thickness of the bodies of the system; Vi, volume of the bodies of the system; i,
index of a body in the system: 1) blank, 2) shell, 3) die; t, time; x, y, Cartesian coordinates; α, heat-transfer
coefficient; Ts, temperature of a medium; n, normal to the boundary surface; S3, area of the die with convec-
tive heat exchange; Tc, combustion temperature; uc, combustion rate; [C], matrix of heat capacity; [Λ], matrix
of thermal conductivity; {F}, vector of heat loads; {Tk−1} and {Tk,} matrices of nodal values of temperature
at the beginning and end of the time interval ∆t; xc, current coordinate of the combustion front; l, layer
length; lsh, radial thickness of the shell; D, diameter of the press die; tc, time of combustion; td, delay time
of pressing; tcool, cooling time; Tcont, contact temperature; Tcont0, initial contact temperature; Tcent, temperature
at the center of the blank; Kε1 = √λ1c1ρ1 and Kε2 = √λ2c2ρ2, criteria of thermal activity of the blank and the
shell. Subscripts: sh, shell; c, combustion; d, delay; cont, contact; cent, center; s, medium.

Fig. 9. Isotherm Tcont = Tcont max for square and round blanks (0, initia-
tion point).
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